In this paper we construct several small irreducible symplectic 4-manifolds with abelian non-cyclic fundamental group. The manufacturing procedure allows us to fill in numerous points in the Geography plane of symplectic manifolds with π 1 = Z ⊕ Z p and π 1 = Z q ⊕ Z p (gcd(p, q) = 1).
Manufactured Manifolds
The main result in this paper is: Theorem 1. Let G be either Z ⊕ Z p or Z q ⊕ Z p . Let n ≥ 1 and m ≥ 1. For each of the following pairs of integers (1) (c, χ) = (4n, n), (2) (c, χ) = (2n, n), (3) (c, χ) = ((6 + 8g)n, (1 + g)n (for g ≥ 0), (4) (c, χ) = ((6 + 8g)n + 4m, (1 + g)n + 4m) (for g ≥ 0), (5) (c, χ) = ((6 + 8g)n + 2m, (1 + g)n + 2m) (for g ≥ 0) and (6) (c, χ) = (4n + 2m, n + m), there exists a symplectic irreducible 4-manifold X with π 1 (X) = G and (c 2 1 (X), χ h (X)) = (c, χ). The characteristic numbers are given in terms of χ h = 1/4(e+σ) and c 2 1 = 2e+3σ, where e is the Euler characteristic of the manifold X and σ its signature. To describe conditions under which smooth 4-manifolds are unique has been a theme in 4-manifold theory for quite some time. Besides its role in the Geography problem for these two fundamental groups, Theorem 1 is an effort in the study of the following conjecture introduced in [5] . Conjecture 1. Poincaré Symplectic Conjecture. Let G be a finitely presented group. Let M(G) be the class of all closed symplectic 4-manifolds with fundamental group isomorphic to G. Let M ∈ M(G) be a manifold which minimizes the Euler characteristic for all manifolds in M(G). If N ∈ M(G) such that M and N are homeomorphic, then M and N are diffeomorphic.
Date: March 24, 2009. We thank S. Baldridge and P. Kirk for their useful comments on an earlier version of the paper. We thank the Max-Planck Institut für Mathematik in Bonn for its warm hospitality and amazing working conditions. This work was realized under an IMPRS scholarship from the Max-Planck Society.
For example, the complex projective plane CP 2 minimizes the Euler characteristic among simply connected symplectic 4-manifolds. C. Taubes proved that CP 2 has a unique symplectic structure up to symplectomorphism (cf. [10] , [11] ).
The blueprint of the paper is as follows. Section 2 starts by describing the ingredients we will use to build the manifolds of Theorem 1. The manufacturing procedure starts later on in this section. The results that allow us to conclude irreducibility are presented in Section 3. The fourth section takes care of the fundamental group calculations. The fifth and last section gathers up our efforts into the proof of Theorem 1.
Raw Materials
The following definition was introduced in [1] .
Definition 2. An ordered triple (X, T 1 , T 2 ) consisting of a symplectic 4-manifold X and two disjointly embedded Lagrangian tori T 1 and T 2 is called a telescoping triple if
(1) The tori T 1 and T 2 span a 2-dimensional subspace of H 2 (X; R).
In particular, the meridians of the tori are trivial in
The image of the homomorphism induced by the corresponding inclusion
The telescoping triple is called minimal if X itself is minimal. Notice the importance of the order of the tori. The meridians µ T1 , µ T2 in π 1 (X − (T 1 ∪T 2 )) → π 1 (X) are trivial and the relevant fundamental groups are abelian. The push off of an oriented loop γ ⊂ T i into X − (T 1 ∪ T 2 ) with respect to any (Lagrangian) framing of the normal bundle of T i represents a well defined element of π 1 (X − (T 1 ∪ T 2 )) which is independent of the choices of framing and base-point.
The first condition assures us that the Lagrangian tori T 1 and T 2 are linearly independent in H 2 (X; R). This allows for the symplectic form on X to be slightly perturbed so that one of the T i remains Lagrangian while the other becomes symplectic. The symplectic form can also be perturbed in such way that both tori become symplectic. If we were to consider a symplectic surface F in X disjoint from T 1 and T 2 , the perturbed symplectic form can be chosen so that F remains symplectic.
Removing a surface from a 4-manifold usually introduces new generators into the fundamental group of the resulting manifold. The second condition indicates that the meridians are nullhomotopic in the complement and, thus, the fundamental group of the manifold and the fundamental group of the complement of the tori in the manifold coincide.
Out of two telescoping triples, one is able to produce another telescoping triple as follows
2 ) be two telescoping triples. Then for an appropriate gluing map the triple
2 ) is again a telescoping triple. The Euler characteristic and the signature of X# T2,T ′ 1 X ′ are given by e(X) + e(X ′ ) and σ(X) + σ(X ′ ).
If both X and X ′ are symplectic manifolds, then the symplectic sum along the symplectic tori X# T2,T ′ 1 X ′ has a symplectic structure ( [8] ). If both X and X ′ are minimal, then the resulting telescoping triple is minimal too (by Usher's theorem cf. [12] ). [3] ). There exists a minimal symplectic 4-manifold B containing a pair of homologically essential Lagrangian tori T 1 and T 2 and a square zero symplectic genus 2 surface F so that these three surfaces are pairwise disjoint, e(B) = 6, σ(B) = −2 and
Theorem 4. (Baldridge-Kirk
.e., Z 2 generated by t 1 and t 2 .
• The inclusion B−(F ∪T 1 ∪T 2 ) ⊂ B induces an isomorphism on fundamental groups. In particular the meridians µ F , µ T1 and µ T2 all vanish in
• The Lagrangian push-offs m T1 , l T1 of π 1 (T 1 ) are sent to 1 and t 2 respectively in the fundamental group of B − (F ∪ T 1 ∪ T 2 ).
• The Lagrangian push-offs m T2 , l T2 of π 1 (T 2 ) are sent to t 1 and t 2 respectively in the fundamental group of B − (F ∪ T 1 ∪ T 2 ).
We refer the reader to theorems 20 and 13 and to proposition 12 in [3] for the proof and for more details. The following theorem presents together three results proven in [1] .
• For each g ≥ 0, there exists a minimal telescoping triple (B g , T 1 , T 2 ) satisfying e(B g ) = 6 + 4g, σ(B g ) = −2.
• There exists a minimal telescoping triple (C, T 1 , T 2 ) with e(C) = 8, σ(C) = −4.
• There exists a minimal telescoping triple (D, T 1 , T 2 ) with e(D) = 10, σ(D) = −6.
One can go on and build more telescoping triples out of these three by using Proposition 3. We proceed to do so now. Let us start by setting some useful notation. Let (X, T 1 , T 2 ) be a telescoping triple. We will denote by X n := #n(X) the manifold obtained by building the symplectic sum (cf. [8] ) of n copies of X along the proper tori.
Proposition 6. For each n ≥ 1 and m ≥ 1, the following minimal telescoping triples with the given Characteristic numbers exist:
(1) (C n , T 1 , T 2 ) satisfying e(C n ) = 8n and σ(C n ) = −4n.
(2) (D n , T 1 , T 2 ) satisfying e(D n ) = 10n and σ(D n ) = −6n.
(3) (#n(B g ), T 1 , T 2 ) satisfying e(#n(B g )) = (6 + 4g)n and σ(#n(B g )) = −2n.
The claim about minimality is proven in the next section.
Minimality and Irreducibility
The following result allows us to conclude the irreducibility of the manufactured minimal 4-manifolds.
Theorem 7.
(Hamilton and Kotschick, [7] ). Minimal symplectic 4-manifolds with residually finite fundamental groups are irreducible.
Finite groups and free groups are well-known examples of residually finite groups. Since the direct products of residually finite groups are residually finite groups themselves, the previous result implies that all we need to worry about is producing minimal manifolds in order to conclude on their irreducibility. This endeavor follows from Usher's theorem. This theorem implies that the manifolds of proposition 6 are minimal. The proof is ommited. It is based on a repeated use of Lemma 2 in [3] and Usher's theorem (cf. [12] ). The reader is suggested to look at the proofs of theorems 8, 10 and 13 of [3] for a blueprint to the proof.
Luttinger Surgery and its Effects on π 1
Let T be a Lagrangian torus inside a symplectic 4-manifold M . Luttinger surgery (cf. [9] , [2] ) is the surgical procedure of taking out a tubular neighborhood of the torus nbh(T) in M and gluing it back in, in such way that the resulting manifold admits a symplectic structure. The symplectic form is unchanged away from a neighborhood of T . We proceed to give an overview of the process before we get into the fundamental group calculations.
The Darboux-Weinstein theorem (cf. [6] ) implies the existence of a parametrization of a tubular neighborhood
The parametrization of the tubular neighborhood provides us with a particular type of push-off F d : T × {d} ⊂ M − T called the Lagrangian push-off or Lagrangian framing. Let γ ⊂ T be an embedded curve. Its image F d (γ) under the Lagrangian push-off is called the Lagrangian push-off of γ. These curves are used to parametrize the Luttinger surgery.
A meridian of T is a curve isotopic to {t} × ∂D 2 ⊂ ∂(nbd(T )) and it is denoted by µ t . Consider two embedded curves in T which intersect transversally in one point and consider their Lagrangian push-offs m T and l T . The group
is generated by µ T , m t and l T . We take advantage of the commutativity of π 1 (T 3 ) and choose a basepoint t on ∂(nbh(T )), so that we can refer unambiguously to µ T , m T , l T ∈ π 1 (∂(nbd(T )), t).
Under this notation, a general torus surgery is the process of removing a tubular neighborhood of T in M and glue it back in such a way that the curve representing µ k T m p T l q T bounds a disk for some triple of integers k, p, and q. In order to obtain a symplectic manifold after the surgery, we need to set k = ±1 (cf. [3] ).
When the base point x of M is chosen off the boundary of the tubular neighborhood of T , the based loops µ T , m t and l T are to be joined by the same path in M − T . By doing so, these curves define elements of π 1 (M − T, x). The 4-manifold Y resulting from Luttinger surgery on M has fundamental group
where
We proceed now with the fundamental group calculations needed to prove theorem 1. To do so, we plug into the previous general picture the information we have for the telescoping triples. Let (X, T 1 , T 2 ) be a telescoping triple. The fundamental group of X has the presentation < t 1 , t 2 |[t 1 , t 2 ] = 1 >. Let us apply +1/p Luttinger surgery on T 1 along l T1 and call Y 1 the resulting manifold. Since the meridian µ T1 is trivial we have
Let us apply now +1/q Luttinger surgery on T 2 along m T2 and call the resulting manifold Y 2 the resulting manifold. Since the meridian µ T2 is trivial we have
The reader might have already noticed the symmetry of this calculations.
Proposition 10. Let (X, T 1 , T 2 ) be a minimal telescoping triple. Let l T1 be a Lagrangian push off of a curve on T 1 and m T2 the Lagrangian push off of a curve on T 2 so that l T1 and m T2 generate π 1 (X).
• The minimal symplectic 4-manifold obtained by performing either +1/p Luttinger surgery on T 1 along l T1 or +1/p surgery on T 2 along m T2 has fundamental group isomorphic to Z ⊕ Z p .
• The minimal symplectic 4-manifold obtained by performing +1/p Luttinger surgery on T 1 along l T1 and +1/q surgery on T 2 along m T2 has fundamental group isomorphic to Z q ⊕ Z p .
Proof of Theorem 1
Proof. The possible choices for characteristic numbers in Theorem 1 are in a one-toone correspondence with the telescoping triples of proposition 6. The enumeration indicates that, in order to produce the manifold in Theorem 1 with one of the choices for characteristic numbers claimed in item # (k), we start with the telescoping triple of item # (k) in Proposition 6 (k ∈ {1, 2, 3, 4, 5, 6}). Let S := (X, T 1 , T 2 ) be the chosen minimal telescoping triple. The manifolds of Theorem 1 are produced by applying Luttinger surgery to S according to the choice of characteristic numbers. By Proposition 10 we know that out of S one produces two symplectic manifolds: Y 1 with π 1 = Z ⊕ Z p and Y 2 with π 1 = Z q ⊕ Z p . Since Luttinger surgery does not change the Euler characteristic nor the signature, the resulting manifolds Y 1 and Y 2 share the same characteristic numbers as X.
Proposition 10 states that Y 1 and Y 2 are minimal. By Hamilton-Kotschick result, both of them are irreducible. The calculation of the characteristic numbers of Y 1 and Y 2 is straight-forward. Since our chosen S was arbitrary, this finishes the proof. Remark 1. The manifold X coming from any of the previously mentioned telescoping triples is by itself an irreducible symplectic 4-manifold with abelian fundamental group. For more small 4-manifolds with other abelian non-cyclic fundamental groups, we refer the reader to [8] , [3] , [4] and [5] .
